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Üþ�ä

•

Figure: ãG(V,E ∪X)

• >´Cþ§:´¼ê§:v�D�¼êFv"
• E¥>kü�º:"X¥>k��º:"E = {ej |j = 1, . . . ,m}"
• ½Â��±X = {x1, x2, . . . , xn} ∈ Dn�Ñ\�¼êFG"

FG(x1, x2, . . . , xn) =
∑
ej∈D

∏
v∈V

Fv(ev,1, ev,2, . . . , ev,dv)

• X	Ü>§ESÜ>"
• Ã	Ü>�§´�0�¼ê§�½Â
20 = 1��"
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¼ê�Ý
/ª
• �F´��n+m�¼ê§x1, . . . , xn, y1, . . . , ym´§�Ñ\"
éAdn × dm�Ý
M = (Mx1···xn,y1···ym)§Ù¥

Mx1···xn,y1···ym = F (x1, . . . , xn, y1, . . . , ym)"

e�m = 0£n = 0¤§Ò¤
�£1¤�þ"

• XeÜþ�ä�¼ê�^Ý
¦{L«µ

•

(Fx1x2,y1y2)(Hy1y2,z1z2z3)

• �Ì1£�¤I�Cþ>x3�£m¤>"
Ý
=��Noxº
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Üþ�ä~f:�þÝ
¦{

AC =
∑

e∈[d]AeCe

•

ABC =
∑

e,e′∈[d]AeBee′Ce′

•

ABx1,x2 =
∑

e∈[d]Ax1eBex2

•
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ÜþÈ

(M⊗N)x1x2,x3x4 =Mx1,x3Nx2,x4

£P{M⊗3 =M ⊗M ⊗M¤"
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ÜþÈ�Ý
¦{

Ø
½Â	§N�^Ý
$��ÑdÜþ�ä�¼êº

(A ·B)⊗ (C ·D) or (A⊗ C) · (B ⊗D)
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Ø
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½Â�ØÓi@gS§(Jo�Ó

¡��Üþ�ä�(ÜÆ"
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Ý
¦{ÚÜþÈ�éÜ¦^~f

F (M⊗3)
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"�¼ê�ÜþÈ

(M ⊗N) =MN

íØ
��Ã	Ü>�Üþ�ä��§´§��ëÏ©|���¦È"

Proof.
1!½Â��y²"
2!k^Üþ�ä�(ÜÆ§rz�ëÏ©| ¤:§,�"�
¼ê�ÜþÈ"
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Ù�Cþé¡¼ê�L«

• F´é¡¼ê§��=�é?¿���π§?¿x1, . . . , xn§

F (x1, . . . , xn) = F (xπ(1), . . . , xπ(n))

• Ù�Cþxj ∈ {0, 1}"
• F��ûuÑ\¥kõ��0Ú1"

• fj L«Ñ\¥kj�1��F�§j = 0, 1, . . . , n"

• P
F = [f0, f1, . . . , fn]
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#CSP¯K�Üþ�ä

• =kL«k���'X¼ê"§�¦¤kÑ\Cþ���Ó"

• Ù�Cþ�§“ =k ” = [1, 0, . . . , 0, 1]"

• é��#CSP¯K¢~�ã�\UE§��XeÜþ�ä"

•
• ¢~��YÒ´ù�Üþ�ä��"
• ØëÏ�§�kO�z�ëÏ©|"£product type��
{¤
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ãÓ�ê8¯K���´)a

• ãHÓ�ê8¯K§¯Ñ\ãG�H�Ó�N�ê8"

• Ò´����¼êH½Â�#CSP¯K"

• XJ��¼êH�Ý
/ª���u�u1§kõ�ª�m
�{"
£���K¢ê�§b�HéÏ§ù´�©½n���´)
a"¤
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H��1���{

•

(M⊗N)x1,x2 =Mx1Nx2 or MN ′

• Ï�H��1, �H = ab′"

•

Figure: ��Ñ\�Üþ�ä�ü«�d/ª
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O���(

•

Figure: z�ëÏ©|´��(

• ¥%:¼ê´��¼ê§�kü�D��±÷v§"
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ãÓ�ê8¯K�,��´)a{0

• H´��óã§Ù��Ý
´(
0 A
B 0

)
• AÚB��´1"

• �{µ
• XJGØ´óã§Ø�3lG�H�Ó�N�"
• XJG´óã§G�º:8ÜN��H��º:8Ü½öm
º:8Ü"
ü«�¹���O�§ÑÚH��1���{�Ó"
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,

Figure:
∑

eAe,e

Figure:
∑

e,e′ A(e, e
′)“ =2 ”(e′, e)
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,

•
trace(ABC) =

∑
e1,e2,e3∈[d]

Ae1e2Be2e3Ce3e1

•
• �Ó�Üþ�äã§
ØÓ�x{�L«trace(BCA)Útrace(C ′B′A′)"

• þfÔnp^�partial trace"
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>�����¼ê

�^>¢Sþ´��Ñyüg�Cþ§
3Ùü�à:�¼ê¥�Ñy�g§
��du������¼ê/=20"
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Ø�	Ü>�Üþ�ä�Oê¯K

• ��¼êÑ5g��8ÜF�Üþ�ä¦�¯K§P�#F"
£��Holant¯K§½öRead-twice #CSP¯K¤

• #CSP¥§Cþ�±¦^õg"
Holant¥§Cþ£�^>¤�U^üg"

�½��¼ê8ÜF"
• #F�¢~�´#CSP(F)�¢~"
• cö�8���ö"¤±§XJcö#PJ§�ö#PJ¶X
J�ök�{§cök�{"

F��ëê§½Âü�¯K8Üµ
Holant¯Ka{#F}§Ú#CSP¯Ka{#CSP (F)}
• �ö´cö�f8"
• #CSP(F)=#F ∪ {=1,=2, . . . ,=k, . . . , }"
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Oê¯K�óãÑ\
• #CSP¯KÚHolant¯K�Ñ\§Ñ�±^óãÜþ�äL
«"

• #CSP(F)�¢~§L«¤óãÜþ�ä§�ýº:�¼ê
5g{=j |j ∈ N}§mýº:�¼êÑ5gF"
#{=j |j ∈ N}|F

• #F�¢~§L«¤óãÜþ�ä§�ýº:�¼ê´=2§
mýº:�¼êÑ5gF"
#{=2}|F

• ØÓOê¯Ka��¦Ø��§~X§U)g�£�¤¦
^¤�¼êØÓ§ã��¦£²¡ã!óã�¤ØÓ"

���Üþ�ä

• �È��Oê¯KA ≤ B8��{§Ò´�EB¥���
£Gadget,=Üþ�ä¤�[A¥�¼ê"�Ï´(ÜÆ"

• ²1�§rOê¯K�¤�½¯K§Üþ�ä¥�
∑∏

�
¤
∨∧
§�k8�§�k(ÜÆ"
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�
¤
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£���Üþ�ä

F (M⊗3)
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�E8�µHolant½n
AB = AEB = AMM−1B = (AM)(M−1B)"(E´ü 
)

½n (Valiant 2004)
#{F}|{G}Ú#{f}|{g}3�Ó�ã
þ����"Ù¥§

F = fM⊗3§

(M−1)⊗2h = H"
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�E8�,����/ª

a'(AB)C = A(BC)"

½n
#{FM⊗3}|{H}Ú#{F}|{M⊗2H}�
�Ó"
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£�))^ãy²�ê$�Æ

• Ý
¦{ÚÜþÈ�(ÜÆ§§��m�©�Æ"
• ,�Ý
¦{�Æ"
• ��1�Ý
§��þ¦1�þ"£^u)ºãÓ�´)
a¤

• �E8�"£Üþ�ä¥�ÄC�¤

• Holan�#CSP¯K

• {ü�/�ãÓ��©½n´)�¹
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ë�©z

• Matthew Cook, Networks of Relations, Ph.D Thesis 2005.
(�½¯K)

• http://arxiv.org/abs/1603.03039

• http://arxiv.org/abs/1306.2164

• https://simons.berkeley.edu/workshops/qhc2014-3
(workshop ”Tensor Networks and Simulations”, in simons insti-
tute for the theory of computing )
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